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SUMMARIES 
One of the significant contributions of Chinese 
mathematicians is the method of solving numerical 
equations of higher degree. A number of scholarly 
works have established similarities between ancient 
and medieval Chinese root-extraction procedures and 
Horner's method of solving a numerical equation of 
any degree. The conceptual development of the Chinese 
methods, which began withthe procedures of extracting 
square and cube roots during the Han dynasty, culmin- 
ated in the solution of higher numerical equations in 
the 13th and the beginning of the 14th centuries. 
This paper attempts to show the intimate role played 
by the triangular array of numbers (known in the West 
as the Pascal triangle) in the process of the develop- 
ment of the Chinese methods, especially when the origi- 
nal geometrical concept was being replaced by the more 
general algebraic method. 
Eine der wesentlichen Leistungen der chinesischen 
Mathematik ist die Entwicklung einer Methode zur Auf15 
sung numerischer Gleichungen hijheren Grades. In einer 
Reihe von Untersuchungen wurde bisher auf die ihnlich- 
keit hingewiesen, die zwischen den alten und mittelal- 
terlichen chinesischen Verfahren zum Wurzelziehen und 
Horners Methode zur L&sung einer numerischen Gelichung 
beliebig hohen Grades besteht. Die verfahrensmZssige 
Ausgestaltung der chinesischen Methoden, die ihren 
Anfang in der Han-Zeit mit den Regeln zum Ausziehen von 
Quadrat- und Kubikwurzeln nahm, erreichte ihren Hijhe- 
punkt im 13. und friihen 14. Jahrhundert mit der Entwick- 
lung von LBssungsmethoden fiir numerische Gleichungen 
hijheren Grades. In dieser Untersuchung wird der innige 
Zusammenhang herausgearbeitet, der zwischen den Dreieck- 
szahlen (im Westen als Pascals Dreieck bekannt) und dem 
Entwicklungsprozess der chinesischen Methoden bestand, 
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besonders nachdem das urspriinglich geometrische 
Konzept durch allgemeinere algebraische Methoden 
ersetzt worden war. 
La &solution numkrique des &quations de degr6 
sup&rieur est l'une des contrubutions importantes math& 
maticiens chinois. De nombreux et savants travaux 
furent publigs en vue d'etablir un parallsle entre les 
m&hodes chinoises, antiques et m&di&ales, d'extrac- 
tion des racines et la m&hode de Horner de r&solution 
des dquations numgriques d'un deqr6 quelconque. COlP 
menqant avec l'extraction des racines car&es et des 
racines cubiques pendant la dynastie Han, l'bvolution 
conceptuelle des methodes chinoises culmina avec,la 
r&solution d'&quations de degr& sup&ieur au 13reme 
sikcle et au d&but du lgikme sikle. Dans cet article, 
nous tentons de montrer le r&e fondamental jou& dans 
cette Evolution par le tableau trianqulaire de nombres 
(connu en Occident sous le nom de Triangle de Pascal) 
et ce particulikement lors du passage de la conception 
gGom6trique originale B une mgthode alq6brique plus 
g&n&r-ale. 
1. INTRODUCTION 
The procedure used by Chinese mathematicians of the 13th and 
early 14th centuries for solving numerical equations of higher 
degree had its origin in the methods of the square root and cube 
root extractions of the Han dynasty. These are found in the 
Chiu-chanq suan-shu (Nine chapters on the mathematical art) [a] 
(lowercase letters indicate items in the Glossary) and have been 
explained in detail by Wang and Needham [1955]. It is now 
generally accepted that the ancient Chinese technique of root 
extraction, which was later extended to the solution of numerical 
equations of any degree, has definite similarities with the method 
of Horner [1819] for solving higher numerical equations. It is 
the purpose of this paper to attempt a broad construction of the 
conception and development of the Chinese method in order to show 
the role played by the triangular array of numbers known as the 
Pascal triangle. 
In a paper submitted to the Royal Society, Horner expounded 
his method and analyzed it with the tools of modern mathematics. 
Let f(x) = aOxn + alxn-1 + a2xnT2 + **- an be a polynomial with 
rational coefficients. Horner's method of finding a positive 
real root of f(x) = 0 (assuming it exists) consists of diminish- 
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ing the root by successively smaller quantities, say h, h', h",**** 
If the desired root of f(x) = 0 is diminished by h, then upon substi- 
tuting x=h fy into f(x) and expanding by Taylor's theorem, we 
have 
f(h+y) = f(h) + yf'(h) + 2! 2 f"(h) + $f"'(h) + . . . . 
In his original paper, Horner employed Arbogast's derivatives 
D R,D2 0 R,D3 R,**'* In later years he dispensed with the calculus 
and, in'its zlace, used algebraic terms [Baron 19721. The trans- 
formed equation is written as 
f(h +y) = COyn + ~~y~-l + c2ynS2 + .*. + c, , (*I 
where the coefficients c c C n' n-1' n-2’“” c1 are the successive 
remainders when the given polynomial is divided by x - h, (x - h)2, 
lx - h)3 ,..., (x - h)n, and CO = a~. 
For numerical calculation, a device known as synthetic divi- 
sion is adopted for each successive transformation and, in this 
manner, the root of the equation is obtained as an exact number 
or correct to any number of places. Because of the decimal 
system in our numeration, it is natural, when computing the root 
of a numerical equation, to diminish it digit by digit beginning 
with the one which has the highest place-value. In the Chinese 
method of computation, the root is decreased in a similar fashion. 
2. THE CHINESE METHOD 
The square root was known in China as early as the fourth 
century B.C. and the cube root before the first century B.C. [Wang 
and Needham 1955, 3731. The general methods of extracting them 
were stated in the Chiu-chang suan-shu and were later extended 
to the solution of the quadratic equation. Liu 1 [bl (c. 1080) 
analyzed and showed the processes for finding the root of the 
quadratic equation in different forms in his book I-ku ken-yiian 
[cl. Although this book is now lost, his methods were recorded 
by Yang Hui [d] in the T'ien-mou pi-lei ch'eng-ch'u chieh-fa 
[e] (Practical rules of arithmetic for surveying) 1275 [Lam 
1977, 113-12111. 
Chia Hsien [f] (c. 1100) differentiated two methods of extract- 
ing the square and cube roots. The first is called li-ch'eng shih- 
suo [g] (unlocking the coefficients by means of a chart) and the 
second, tseng-ch'eng fang-fa [h] (the extraction method of adding 
and multiplying) [Yung-lo ta-tien, Chap. 16344, 6b, 16a-16b, 
and 22b]. It was Chia Hsien who first recognized and appreciated 
the close relation between the binomial coefficients of the Pascal 
triangle and the procedures of root extraction. The construction 
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of the Pascal triangle to the sixth degree is given in Yang Hui's 
Hsiany-chieh sum-fa [l]. According to the author, Chia Hsien 
knew of the formation of this triangle [Yuny-lo ta-tien, Chap. 
16344, 5a- 6b]. This book also contains the complete solution 
of the problem of finding the fourth root of 1,336,336 [Lam 
19691. 
Once the algorithmic or ladder system of the method was 
established, it was a matter of time before it was adopted for 
solving numerical equations of any degree. Ch'in Chiu-shao [i] 
illustrated the method in a number of problems in his book Shu- 
shu chiu-chany [j] (Mathematical treatise in nine sections) written 
in 1247 [Libbrecht 1973, 177-2111. 
The computational schema is omitted in Chu Shih-chieh's [k] 
renowned work Ssu-yiian yii-chien [l] (Precious mirror of the four 
elements) 1303, where the working of the problems does not go 
beyond the setting up of the equations. An important feature of 
the book is the display of the Pascal triangle to the eighth degree 
at the beginning of the book. Chu's earlier work, the Suan-hsiieh 
ch'i-meny [ml (Introduction to mathematical studies) 1209, which 
was used as a textbook, shows only the working of the extraction 
of the square and cube roots. The reader was expected to apply 
similar methods to solving equations up to the fifth degree. It 
was an accepted fact that the methods of finding the nth root of 
a number and solving a numerical equation of the nth degree were 
the same. 
The computational device used by the Chinese to find a root 
of a general equation of the fifth degree is given below. This 
method can be accommodated to finding a root (or an approximate 
root) of a numerical equation of any degree. For the sake of 
brevity and clarity, modern algebraic notation is used. The 
procedure is generalized from the explanations of the working 
given by Yang Hui, Ch'in Chiu-shao, and Chu Shih-chieh [2]. 
Calculations were done on the counting board by means of counting 
rods: this involved the shifting of the counting rods forward 
and backward relative to the place-values of the constant term, 
depending on which digit of the root was diminished. 
In the polynomial equation f(x) =0, where f(x) = 
ax 5 0 + alx 4 + a2x3 + a3x4 + $+x + as, let h denote the first esti- 
mate of the root corresponding to the highest place-value. Set 
x=h+y. 
Step 1. Put the coefficients aO, al,... , aS in six rows, 
Ro,Rlr...r R5, as shown in Diagram 1. 
Step 2. Multiply the number in RO by h and add the product 
to the number in R1. Multiply the new number in Rl by h and 
add the product to the number in R2. Continue in this manner 
for the numbers in R 3 and Rq until the sum aOh + alh4 + a2h3 
+ a3h2 + a4h + a5 in R5 is obtained (Diagram 2). If this is 
zero then h is the root of f(x) = 0; if it is not zero proceed 
to Step 3. 
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R5 a5 
R 4 a4 
R 3 a3 
R2 a2 
R1 al 
R. ao 
Diagram 1 
R5 aOh5+ al h4+ a2h3+ a3h2+ a4h + a5 
R4 aOh4+ alh3+ a2h2+ a3h + a4 
R3 aoh3+ alh2+ a2h + a3 
R2 aOh2+ alh + a 2 
R1 0 ah+a 1 
Ro a0 
Diagram 2 
R5 aOh5+ al h4+ a3h3+ a3h2+ a,h + a5 
R4 5aOh4+ 4alh3+ 3a2h2+ 2a3h + a4 
R3 4aOh3+ 3alh2+ 2a2h + a3 
R2 3aOh2 + 2alh + a2 
R1 2aOh + al 
R. ao 
Diagram 3 
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R5 
R4 
R3 
R2 
Rl 
RO 
R5 aOh5+ alh4 + a2h 3 + a3h2+ a+h + as 
R4 5aOh4 + 4alh3+ 3a2h2 f  2a3h + a4 
R3 10aOh3 + 6al h2+ 3a2h f  a3 
R2 6aOh2 + 3a,h + a2 
Rl 3aOh f  al 
Ro a0 
Diagram 4 
R5 aOh5+ alh4+ a2h3+ a3h2+ aqh + as 
R4 5aOh4 + 4alh3 + 3azh2+ 2ash + aq 
Rx 10aOh3+ 6alh2+ 3a2h + a3 
R2 10aOh2+ 4alh + a2 
Rl 4aOh + al 
Ro a0 
Diagram 5 
aOh5+ a,h 4+ a2h3+ agh2+ a,h + as 
5aOh4+ 4alh3+ 3a2h2+ 2a3h + aq 
10aOh3+ 6alh2+ 3a2h + a3 
10aOh2 + 4alh + a2 
5aOh + al 
a0 
Diagram 6 
A5 
A4 
A3 
A2 
A1 
A0 
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Step 3. Follow the same procedure as that in Step 2 until 
the number in Rq is obtained (Diagram 3). 
Step 4. Follow the same procedure as that in Step 2 until 
the number in Rg is obtained (Diagram 4). 
Step 5. Follow the same procedure as that in Step 2 until 
the number in R2 is obtained (Diagram 5). 
Step 6. Follow the same procedure as that in Step 2 until 
the number in RI is obtained (Diagram 6). 
The numbers in the six rows of Diagram 6, which we shall 
call AOAl, . . . , As, are the coefficients of the transformed 
equation AOy5 + Aly4 + A2y3 + A3y2 + A4y + AS= 0. The left- 
hand side is in fact identical to that of Eq. (*) above with 
n = 5. 
The procedure may be repeated to obtain the second estimate 
of the root in the next place-value : we set x = h + h' + y' or 
y = h' + y', and Steps 1 to 6 are repeated. In this way, the 
exact root or one correct to any number of places is found. 
In Sections 3 and 4 we attempt to answer the following 
questions: (1) How were the methods of square root and cube root 
extraction first conceived? (2) How were they extended to solve 
the quadratic equation? (3) What caused the breakthrough for 
the solution of numerical equations of any degree? 
3. THE GEOMETRICAL CONCEPT 
There is sufficient evidence to support the theory that the 
concept and analysis of the extraction of the square and cube 
roots were originally suggested by geometrical considerations. 
The method had evolved from the process of division corresponding 
to that of geometrical cutting. Division was carried out by a 
series of multiplications and subtractions; each multiplication 
could be represented by a certain rectangular area, and each 
subtraction corresponded to the removal of this area from the 
total area which represented the whole dividend. The process 
of square and cube root extractions was worked out from a similar 
geometrical figure based on the same principle [Wang and Needham 
1955, 381-3971. 
In the method used by the Chinese to find the square root of 
a number computed to more than one digit, the procedure would 
arrive at a transformed equation which is a quadratic equation. 
This explains why the method of solving the quadratic equation 
was similar to that of finding the square root, and, furthermore, 
why it was known at a very early period. The Chiu-chang suan-shu 
has a problem involving the quadratic equation. There are also 
a number of problems in which the square root is computed to 
three digits. 
Diagram 7 is a typical example of a square root extraction 
as carried out in the Chiu-chang sum-shu. Let x2 = b, and 
suppose that the root has three components, i.e., x=h+h' +h". 
Computing by the method described above, we have 
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R2 -b -b + hs -b + h' -b + h2 + 2hh' + h'= 
Rl 0 h 2h 2h + h' 
RO 1 1 1 1 
(a) (b) (cl Cd) 
R2 -b+h2 t2hh' +hs2 -b+h2 + 2hh'+hf2 f  2hh"+2h'h"+ hvt2 
R1 2h+2h' 2h+2h'+h" 
RO 1 1 
(e) (f) 
Diagram 7 
The transformed quadratic equations are 
Y2 + 2hy - b + h2 = 0 from (c) 
and 
yt2 + 2(h+h')y' -b + h2 + 2hh' + h12 = 0 from (e). 
The geometrical interpretation of the method follows [Lam 
19691: 
Since h +h' +h" is the root of x2 = b, it follows from (f) that 
A h G h' H h"B 
h 
F M N. 
h' 
E. II K 
h" 4 
I 
c 
D J 
Figure 1 
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-b+h2 + 2hh' + bt2 + 2(h+h')h"+h"2 = 0. 
Referring to Fig. 1, the terms on the left-hand side of this 
equation may be interpreted geometrically as follows: 
area ABCD = b, 
area AGMF = h2, 
areas FMLE + GHNM = 2hh', 
area MNKL = hn2, 
areas HBIK + EKJD = 2(h+h')h", 
area KICJ = h"2. 
Liu I used the geometrical figure to explain and analyze 
the arithmetical process of solving the quadratic equation. 
Where c> 0 in the equation ax2 +bx = c, he considered the 
following cases: 
(i) For a = 1 and b > 0, he gave one method; 
(ii) for a = 1 and b < 0, two methods; 
(iii) for a = -1 and b < 0, three methods. 
There was a different diagram for each method [Lam 1977, 
113-1211. As an example, Fig. 2, taken from the Tien-mou pi-lei 
ch'eng-ch'u chieh-fa, illustrates the solution of the equation 
x2 + 12x = 864. 
24 pu 
The diagram illustrates the procedure of 
the R'nijbg tni ts'ung Mze@ method 
Figure 2 
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4. THE PASCAL TRIANGLE 
The limitation of the geometrical figure was obvious, as it 
could not be used to explain the extraction of roots beyond the 
third degree. In addition, considering the variety of diagrams 
for the quadratic equation, the representations were more complex 
for the cubic equation. For a generalization and extension of 
the method of root extraction, the geometrical bonds had to be 
broken; this was achieved by the invention of the Pascal triangle. 
As a pattern of the general procedure emerged, the geometrical 
explanations of the procedures of finding the roots were dis- 
carded. The very close connection of this pattern with the 
numbers of the Pascal triangle has already been recognized. 
Although the earliest Chinese representation of the Pascal 
triangle is in the Hsiang-chieh suan-fa 1261, it is stated that 
it was taken from an earlier source. About the year 1100 Chia 
Hsien knew of the construction of the array of numbers forming 
the triangle. According to Ch'ien Pao-tsung [1957, 1111, there 
were probably a number of mathematical books which treated the 
method of solving the numerical equation with the aid of the 
Pascal triangle before Yang Hui; but Chia Hsien's Huang-ti chiu- 
chang suan-fa hsii-ch'ao [n] was the earliest. 
The names of the elements of the triangle leave no doubt 
that the array was used for the extraction of roots. In explain- 
ing the diagram (of the Pascal triangle) Yang Hui used the terms 
shih-suo [o] and k'ai-fang [p], which had been used by Sung and 
Yiian mathematicians for solving equations of higher degree. In 
the Pascal triangle shown in Yang Hui's book (Fig. 3), the des- 
cription is as follows: 
The unit coefficients of the absolute terms Ichi- 
shu [q] span the left side. The unit coefficients 
of the highest powers (yii-suan [r]) span the right 
side. The centre contains all the other coefficients 
(lien bl). After the coefficients are multiplied by 
the "estimated root" [shang [t], i.e., h; see Diagram 
21, the sum of the products is removed from the 
absolute term (shih [III). 
Once again, the terms used and, in particular, the phraseology 
of the last line are commonly found in the solutions of numerical 
equations. This reinforces their close relationship. 
With the invention of Pascal's triangle, Chia Hsien moved 
forward to differentiate two distinct methods of extracting 
the square and cube roots. The difference between the two 
methods may at first appear to be trivial and not to necessitate 
a distinction. However, this only serves to enhance the deep 
significance and importance of Chia Hsien's contribution. For 
it was this distinction which led one method, called li-ch'eng 
shih-suo (Method I), to stop at simple root extractions, while 
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F'iqure 3 
the other method, tseng-ch'eng fang-fa (Method II), was extended 
to solve numerical equations of any degree. 
Method I is the older one, originating from geometrical 
considerations. Parts of it may be found in the Chiu-chang suan- 
shu or in books influenced by the latter [31. Method II, outlined 
above in algebraic terms, has been extended to the solution of an 
equation of the fifth degree. The essential difference between 
the two methods is that Method II has a ladder system of multiply- 
ing a number in one row by the estimated root and adding the 
product to the number in the row above; whereas Method I utilizes 
the coefficients of the binomial expansion to obtain the trans- 
formed equation. The difference between the two methods is 
illustrated below. 
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For the square root extraction we refer to Diagram 7. By 
Method II the term 2h in R1 (c) is obtained by multiplying 1 in 
R. by h and adding the product to the number h in Rl (b). On the 
other hand, by Method I, the same term 2h is obtained by multiply- 
ing h in Rl (b) by 2. The term 2h' in RI (e) is obtained by a 
similar process. 
Using the same algebraic notation, the cube root may be 
extracted. Let x3 = b and x = h + y. Then Method II is as 
follows: 
Rx -b -b+h3 -b+h3 -b+h3 
R2 0 h2 3h2 3h2 
R1 0 h 2h 3h 
R. l 1 1 1 
(a) (b) (c) (d) 
Diagram 8 
Methods I skips (c) (Diagram 8). The terms h and h2 in (b), RI 
and R2, respectively, are multiplied by 3, since 3 and 3 are the 
middle coefficients of the binomial expansion of the third degree. 
After the transformed equation (d) and the second digit of the 
root were obtained, Chia Hsien did not elaborate further, but 
mentioned only that the procedure (if continued) should be similar 
An analysis of the methods of the Chiu-chang suan-shu, for 
both extractions, reveals that just before the third digit of 
the root is found, the ladder system, or Method II, is adopted 
in the square root extraction [Wang and Needham 1955, 355 (Step 
12)]; whereas in the cube root extraction, multiplications by 
3 are mentioned [Wang and Needham 1955, 359, 362 (Steps 7, 8 
and 14)]. Thus, as early as the Han dynasty, a mixture ot the 
two methods was employed for finding roots. In his exposition 
on the solutions of the quadratic equation, Liu I described six 
methods. Of these, three used Method I, in which the term fang 
fa [v] is multiplied by 2 [Lam 1977, 113-116, 118-1191, and the 
others employed Method II [Lam 1977, 116-117, 119-1211. 
Ch'ien Pao-tsung has pointed out that Method I uses the 
Pascal triangle to determine the solution. The term li-ch'eng, 
from the name of Method I, was used by ancient astronomers in 
connection with the setting up of charts. Here an analogy is 
drawn in associating the diagram of the Pascal triangle with 
root extraction [Ch'ien Pao-tsung 1957, 1131. 
Once the Pascal triangle had been used for the sole purpose 
of root extraction, and the equivalence of Methods I and II had 
been noted, it was natural that a close analysis of the construc- 
tion of the triangular array of numbers would lead to the adop- 
tion of Method II for the solution of numerical equations of 
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P -- 
Figure 4 
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higher degree. In his explanation of the construction of elements 
of the Pascal triangle, Yang Hui used the term tseng-ch'eng (add- 
ing and multiplying), which is the name of Method II [Yung-lo 
ta-tien, Chap. 16344, 6al. 
Among the existing Chinese mathematical books, the next 
appearance of the Pascal triangle was in the opening pages of 
Chu Shih-chieh's Ssu-yiian yii-chien. The triangle and a chart 
shown on the preceding page were entitled, "Diagrams showing the 
rules of the present and old [methods] of root extraction," The 
chart (Fig. 4) was used by Chu to solve numerical equations of 
any degree by Method II. The first line reads, "Diagram of the 
ladder system up to the eighth degree." The second line says, 
"The positive numbers are called ts'ung [w] and the negative 
numbers i [xl." Below these two lines are four columns. The 
first column from the left gives the names of the coefficients 
of the highest powers of each equation, beginning with the 
constant term in the first row, the linear equation in the 
second row, up to the equation of the eighth degree in the last 
row. The next column indicates the positions of the rows; that 
is, row 1, row 2, . . . . row 9, for the placement of the counting 
rods. The third column indicates the number of places the count- 
ing rods placed in each row have to be shifted relative to the 
absolute term. The last column gives the names of the coefficients 
of a polynomial equation. These same terms are written below 
Chu's Pascal triangle (Fig. 5). 
This triangular array is entitled, "Diagram of the old method 
up to the eighth degree." Like Yang Hui's triangle, the unit 
coefficients of the absolute terms span the left side, while the 
unit coefficients of the highest powers span the right side. The 
Chinese characters on the right side say that the center contains 
the other coefficients. The statement on the left reads, "Root 
extraction is to be viewed crosswise." Note that the numbers of 
the Pascal triangle are connected by crosswise lines. 
The triangle presents an interesting point. The counting 
rod numerals are so turned as to presuppose that the bottom line 
of the triangle originally stood vertically on the left. This 
would mean that the coefficients of a binomial expansion are 
placed in successive rows, conforming with the practice of the 
method of root extraction on a counting board. 
In finding the eighth root of a number, that is, solving 
x8 = b and setting x = h+y, the transformed equation is y8+8hy7 
+ 28h2y6+56h3y5+70h4y4+56h5y3+28h6y2+8h7y+C = 0, where C 
is a constant. The coefficients 8, 28, 56, 70, 56, 28, 8 corre- 
spond to the numbers of the bottom line of Chu's Pascal triangle. 
In the process of extracting the root of a numerical equation of 
the eighth degree, the coefficient of each term of the transformed 
equation would involve the numbers of the Pascal triangle lying 
on a line slanting across the triangle. 
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We illustrate this with the general equation of the fifth 
degree. Its transformed equation is Aoy5 +Aly4 +A2y3 + A3y2 
+ Aqy+Ag = 0, where Ao,Al ,..., As are shown in Diagram 6. 
Writing the coefficients of the arhS terms for each AO,A1,..., 
As we have 
A5 111111 
A4 5 4 3 2 1 
A3 10 6 3 1 
A2 10 4 1 
A1 5 1 
AO 1 
Diagram 9 
Note that these numbers correspond with those of the Pascal 
triangle shown below. 
/l 
7 /l 
,‘- /2 /l 
l/1 4/3 6/3 4/1 
/ / / / I1 
1 5 10 10 5 1 
Diagram 10 
5. CONCLUSION 
In Europe the Pascal triangle first appeared in 1527 on the 
title page of the arithmetic of Apianus. It was Pascal who in- 
vestigated the properties of the triangular array. His discoveries 
were published posthumously in 1665 [Smith 1958, 2, 508-5101. 
In China the Pascal triangle was at first associated solely 
with root extraction. Although the latter was initially conceived 
through division and explained by geometrical representations, 
the technical operation of the method was found in 1100 to be 
closely related to the array of numbers of the Pascal triangle. 
Knowledge of the properties of the Pascal triangle led to great 
advances in the methods of root extraction. The Pascal triangle 
made possible the transition from the earlier geometrical inter- 
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pretations to the more general algebraic methods which could be 
applied to equations of any degree. Thus the divorce of the 
arithmetical process from the geometrical figure led rapidly to 
the merger of arithmetic with algebra. Horner, in introducing 
his method in 1819, expressed similar ideas. In a footnote to 
the title of his paper, it was remarked, "but his [Homer's] 
belief is, that both Arithmetic and Algebra have received some 
degree of improvement, and a more intimate union. The abruptness 
of transition has been broken down into a gentle and uniform ac- 
clivity." 
NOTES 
1. The Hsiang-chieh suan-fa [yl and the Hsiang-chieh chiu- 
chang suan-fa [z] are generally regarded as the same book. The 
existing book Hsiang-chieh chiu-chang suan-fa (A detailed analysis 
of the mathematical methods in the "Nine Chapters"), written by 
Yang Hui in 1261,is incomplete. 
2. Translations are found in Lam 1969, 85-86; Lam 1977, 
116-117, 119-121; and Libbrecht 1973, 180-184. 
3. See Wang and Needham 1955, 353 (Step 71, 359 (Steps 
7 and 81, 362 (Step 14); Mikami 1974, 30; Suan-hsiieh ch'i-meng, 
Chap. 20, Prob. 1. 
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